Two-generated algebras and standard-form congruence 



Jason Gaddis 



Abstract 

Matrix congruence can be used to mimic linear maps between homogeneous quadratic 
polynomials in n variables. We introduce a generalization, called standard-form congruence, 
(**••>) which mimics linear maps between non-homogeneous quadratic polynomials. Canonical 

forms under standard-form congruence for three-by-three matrices are derived. This is 
then used to give a classification of algebras defined by two generators and one degree two 
relation. On the road to this classification, we consider isomorphisms of differential operator 
rings over k[y]. 

00 

, — , 1 Introduction 

< 

Let k be an algebraically closed field, char(A;) = 0. All algebras are fc-algebras and all isomor- 
phisms are as £;-algebras. Our interest is in algebras A defined as a factor algebra of the free 
03 algebra on two degree 1 generators by a single degree 2 relation, i.e., 

a 

i— ' A = *(a;,y|/),deg(/)=2. (1) 

J> We say A is homogeneous if / is homogeneous. In this case, the classification is well-known. 

The polynomial / can be represented by a 2-by-2 matrix and matrix congruence corresponds to 
linear isomorphisms between homogeneous algebras. Hence, canonical forms for matrices in 

^ M.2{k) give a maximal list of algebras to consider. One must verify that there are no non-linear 

isomorphisms between the remaining algebras. This can be accomplished by considering ring- 

pv| theoretic properties of the algebras. This results in four types of algebras: the quantum planes 

O q {k 2 ), the Jordan plane J, R yx , and R x 2. 

We give a method for extending this idea to algebras in which / is not necessarily homoge- 

^ neous. In Section [2j we develop a modified version of matrix congruence called standard-form 

congruence. Canonical forms in M.%(k) under standard-form congruence are listed in|3] These 
forms are in near 1-1 correspondence with isomorphism classes of algebras of the form ([T]) with 
/ degree 2 (but not necessarily homogeneous). This leads to the following theorem. 
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Theorem 1.1. Suppose A = k(x,y \ f) where f is a polynomial of degree two. Then A is 
isomorphic to one of the following algebras: 

O q (k 2 ), f = xy- qyx (q G k x ), A\{k),f = xy - qyx + 1 (q G k x ), 

J,f = yx-xy + y 2 , Jt,f = yx-xy + y 2 + 1, 

ii,f = yx-xy + y, k[x],f = x 2 -y, 

^x 2 i f ; ^x 2 ~li f 1) 

R V x,f = yx, S,f = yx-1. 

Moreover, O p (k 2 ) = O q {k 2 ) if and only ifp = q ±l and A\(k) = A\(k) if and only ifp = q ±x . 

Many of these algebras are well-known. The algebras A\(k) are the quantum Weyl algebras. 
If L is the two-dimensional solvable Lie algebra, then il = ii(L) is its enveloping algebra. The 



algebra J\ is the deformed Jordan plane. This list slightly contradicts that given in [ 10 1 since S 
and J\ both have GK-dimension 2. 

We wish to show that the list in Theorem [TTT] is complete with no isomorphic repetitions. 
Immediately, one can divide the algebras into two classes: the domains and non-domains. The 
domains can be further subdivided into differential operator rings, quantum Weyl algebras, and 
quantum planes. Proving that an algebra belongs to exactly one of these classes requires a study 
of their automorphism groups. 

A derivation on k[y] is defined as a A;-linear map 5 : k[y] — > k[y] satisfying the Leibniz rule, 
5(rs) = r6(s) + 5(r)s. A differential operator ring over k[y] is defined as the skew polynomial 
ring k[y] [x; 6} where 5 is a derivation and commutation is the given by xa = ax + 5(a) for all 
a € k[y]. We denote such a ring by Rf where / = 5(y). The algebras it, J, and J\ all have 
this form with f = y, y 2 , and y 2 + 1, respectively. In Section[4j we prove the following theorem 
which is a slight modification of a result on automorphism groups by Dumas (5J. 

Theorem 1.2. Let f,g& k[y] with deg(/), deg(g) > 0. If 9 : Rf — )• R g is an isomorphism, 
then there exists A, a G k x , (3 € k, and h G k[y] such that 0(X) = Xx + h, 6{Y) = ay + (3 and 
f(ay + (3) = aXg. 



2 Standard Form Congruence 

Let / = ax 2 + bxy + cyx + dy 2 ,a, b,c,d£ k. By a slight abuse of notation, 




Hence, we can represent any homogeneous quadratic polynomial by an element of M. 2 (k). If 
A = k(x, y | /), then / is called a defining polynomial for A and the matrix corresponding to / is 
called a defining matrix for A. If <p is the map given by x t- > p\\x + p\ 2 y and y h-» p 2 \x + pyiy, 
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Pij G k, with P11P22 — P12P21 i=- 0, then (ft corresponds to a linear isomorphism between the 
algebras with defining polynomials / and </>(/). 

Correspondingly, M,M' G M. n {k) are said to be congruent if there exists P G GL n {k) 
such that P T MP = M' and we write M ~ M' if this is the case. If two defining matrices are 
congruent, then there is a linear map between the polynomials that they determine. In turn, the 
algebras with these defining polynomials are then isomorphic. On the other hand, if there is a 
linear map between two defining polynomials, then the corresponding algebras are isomorphic. 
However, two such algebras can still be isomorphic even if there is no linear map between the 
defining polynomials. Hence, canonical forms for congruent matrices give us a maximal list of 
algebras to consider. We are then left to determine whether there are any other isomorphisms. 

Proposition 2.1 (Horn, Sergeichuk |8j). If M G M.2{k), then M is congruent to exactly one of 
the following: 



1 0\ (0 

J ' 1 1 




, q ek x . 



If / = ax 2 + bxy + cyx + dy 2 + ax + (3y + 7, then we can represent / by a 3x3 matrix via 
the rule 



f = (x y 1 



(a 


b 




(x\ 


c 


d 


«) 




v° 










The choice of defining matrix that we made is not unique. We could also choose to define / by 



f = [x y 1 



(a 


b 




(x\ 


c 


d 


3 




ya 









Hence, we must fix a standard form for the defining matrices of non-homogeneous polynomials. 
We restrict our attention to the following set, 



r / 



ai a 2 03 
bi b 2 b 3 

IV C J 




^0} GM 3 (k). 



Every degree 2 polynomial has a unique corresponding matrix in G3. Consider a matrix 
M G M. 3 (k) and write 



M 



(m lx mi2 mi 3 
771,21 m22 rri23 
\m 3 i m 32 rn 33/ 
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This corresponds to the polynomial 



/ = mux 2 + myixy + m\^x + m 2 iyx + m,22V 2 + m 2 3y + vn^xx + 777,322/ + 77733 

= 777nX 2 + 777 1 2X7/ + m 2 iyX + 777 2 2?/ 2 + (777i 3 + 777 3 i)x + (777 2 3 + m 32 )y + 777 3 3, 

which in turn corresponds to the matrix 

(mil rn\2 «i,i3 + "73i\ 

77721 "T-22 "T-23 + "732 
77733 



Hence, we define a fc-linear map sf : Mz(k) — > G3 by 



77711 mu 777 1 3 
77721 "1-22 "1-23 
y 777-31 77732 77733 / 



777ii 77713 + ™31 



77721 "T-22 "1-23 + "1-32 
77733 / 



In general, we want a map that fixes the degree 2 part of a quadratic polynomial and adds the 
linear parts. Define the set 



Mi M 2 

777 



G M n (k) | Mi G M n -i(k),M 2 G k n ~ l , m G fc }> . 



Then define the map sf : M n — > G n by 



Mi M 2 



Mf 777 



Mi M 2 + M 3 

777 



Let pij G fc and define a /c-linear map by 

(f){x) = pnX + pi 2 y + Pl3, 4>{y) = P21X + P22I7 + P23, H 1 ) = L 

Again, if P11P22 — P12P21 / then 4> defines a linear isomorphism between k(x,y \ /) and 
k(x, y I </>(/ ))• This suggests that, in general, the matrices corresponding to linear isomorphisms 
of these algebras should be contained in the group 



V = 



Pi P2 
1 



G M n (k) I Pi G GL n _i(/c),P 2 G k 



n-l 



This eliminates the problem of congruent matrices representing different algebras. We now 
modify our definition of congruence to account for standard form matrices. 

Definition 2.2. We say M, M' G M. n (k) are standard-form congruent (sf-congruent) and write 
M ~ sf M' if there exist P G V and a G k x such that sf(M) = a ■ sf(P T M'P). 
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The reason for a is that two matrices which are scalar multiples of each other may not be 
sf-congruent otherwise. However, under ordinary matrix congruence such matrices are always 
congruent. Moreover, algebras with defining polynomial which are scalar multiples of each other 
are isomorphic. Hence, it is natural to include this condition. The next proposition shows that 
sf-congruence is a true extension of congruence. 

Proposition 2.3. Let M,N G M n (k). If M ~ sf N, then M x ~ N x . 

Proof. By hypothesis, sf(M) = a ■ sf(P T NP) for some P €V,a £ k x . Then 

= sf(M) = a ■ sf (P T NP) 



a • sf 



= a ■ sf 

Thus, Mi = a ■ PfiViPi, so M 1 ~ JVi. □ 

To show that sf-congruence is indeed an equivalence relation, we need the following. 
Lemma 2.4. If M G M n {k) and PeV, then sf{P T MP) = sf{P T sf{M)P). 
Proof. We have, 

sf(P T MP) -- 

= sf I 
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PfMiPi P[M 1 P 2 + P[M 2 N 

P^MiP! + M 3 T Pi P 2 T MiP 2 + P 2 T M 2 + M 3 T P 2 + m y 

PfMiP 2 + PfM 2 + (PjMxPi + Mg^Px) 7 ^ 
P 2 T MiP 2 + P 2 T M 2 + M 3 T P 2 + m J 

PlM x P 2 + Pf M 2 + PfMfP 2 + Pf M 3 \ 
P 2 T Mi P 2 + P 2 T M 2 + M 3 T P 2 + m I 




M 2 + M 3 
m 




= sf(P 2 sf(M)P). 



□ 



Proposition 2.5. Standard-form congruence defines an equivalence relation. 
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Proof. Reflexivity is obvious. Now suppose M ~ s f M', so sf(M) = a • sf(P T M'P) for some 
a <E k x ,P £ V. By the previous lemma, 

(p- 1 ) T sf(Af)(p- 1 ) = a • (p- 1 ) T sf(P T M / P)(p- 1 ) 
sf ((p- 1 ) T sf(Af)(p- 1 )) = a • sf ((p- 1 ) T sf(P T M , P)(p- 1 )) 
a" 1 -sf ((P- 1 ) T M(P~ 1 )) =sf ({P- 1 ) T P T M'P{P- 1 )) 
a' 1 ■ sf ((P- 1 ) T M(P" 1 )) = sf(M'). 

Hence, M' ~ s f M , so symmetry holds. Finally, suppose M ~ s f M' and M' ~ s f M". Then there 
exists a, f3 £ k x and P,Q £V such that sf (M) = a-sf(P T M'P) andsf(M') = /3-sf(Q T M"Q). 
By the previous lemma, 

sf(M ) = a ■ sf(P T M'P) = a ■ sf (P T sf(M')P) 

= a ■ sf (P T (/3 • sf(Q T M"Q)) P) = (a/3) ■ sf((QP) T M" (QP)). 

Thus, M ~ s f M", so transitivity holds as well. □ 



3 Canonical Forms 

In this section, we determine canonical forms in M.z{k) under sf-congruence. Throughout, we 
will write M E At 3 (A;) in block form 



m =\[ m t r ^]\M 1 eM 2 (k),M 2 ,M 3 ek',mek 



If M ~ s f N, then Mi ~ N\ by Proposition 2.3 To determine the canonical form of M E M.%(k) 



under sf-congruence, we first perform the necessary congruence to put Mi into one of the 
canonical forms in Proposition [27T] 

Assume M E G3. Our next step is to determine the stabilizer of each of the canonical forms 
for M±. This will allow us to determine which pairs (M2, m) determine distinct forms. 



Proposition 3.1. The following are the stabilizers for the matrices in Proposition 2.1 relative to 
matrix congruence. Suppose throughout that r,s E k x are arbitrary. 



Stab = < > , Stab 






**w i )) = \\° ± v/ ,Sttb ll- 1 o ll=SL2W ' 
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Proof. We compute the last stabilizer and leave the remainder for the reader. Write P 
Then 



d. 







P 



(1 — q)ac ad — qbc 
be — qad (1 — q)bd 



Since q ^ 1, we must have ac = bd = 0. Because det(P) / 0, either a = d = 0or& = c = 0. 
In the first case, we are left with be = —q and —qbc = 1, which is impossible. Hence, we must 
be in the second case, whence ad = 1. □ 

Corollary 3.2. Lef g G fc x . The defining matrices corresponding to O p {k 2 ) and O q (k 2 ) are 
congruent if and only if p = q 



±1 



Proof. Let M p ,M q G M^k) be the corresponding matrices. If M q ~ M p , then a similar 
argument as before shows that ac = 6d = 0. If b = c = 0, then p = q and otherwise a = d = 
so be = q~ L . □ 

Our last step is to determine, for each canonical form in M.2{k), which pairs (M2, m) give 
sf-congruent matrices. The table below lists canonical forms for matrices in M.^{k) under sf- 
congruence. The column R list the algebra. The column M gives a defining matrix for R and 
[M] represents the equivalence class of that matrix under sf-congruence. Throughout, assume 
fi,v,n € k are arbitrary unless otherwise stated. 



Alg 


M 


[M] 




Alg 


M 


[M] 


R x 2 


(\ 0\ 


Vo 0/ 


/ion 

( 01 

Voo^; 




Pyx 


/o o\ 

100 
Vo 0/ 


1 1/ 
V nv ) 


R x 2_ 1 


/ 1 \ 
000 

VO -lj 


/l n\ 


V k / 




s 


/o \ 

100 
Vo -1/ 


/0 ix\ 
1 1/ 

V k/ 


J 


f0-l o\ 

110 
Vo 0/ 


(0 |) 




Jl 


/o -1 0\ 

110 

Vo 1/ 


( ? ~") 

Vo k/ 
k / zv 2 /4 


k[x,y] 


/ 1 0\ 
-10 

V 0/ 


V 0/ 




O q {k 2 ) 


/ 1 0\ 

-9 
V 0/ 

9/1 


/ 1 /i \ 
V 


A x 


/ 1 \ 
-10 

V 0-1/ 


/ 1 o\ 

-100 
V kJ 




A\{k) 


/ 1 \ 

-9 
V 0-1/ 


( 1 m\ 

-9 1/ 

v «/ 

~ 1-9 


QJ 


/0-1 1\ 
110 

Vo 0/ 


Vo kJ 

^0 




il 


/o -1 0\ 

10 1 

Vo 0/ 


/u -1 M \ 
1 v) 
Vo K/ 

0^)^(0,0) 


k[x] 


/l 0\ 
1 

Vo 0/ 


/IDA 
00i/ 

V k / 
1/ 7^ 
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Theorem 3.3. The canonical forms presented in the previous table are complete. 



Proof. Again, we prove this for canonical forms relative to O g (k 2 ), q ^ 1, and leave the 

/ 1 



remainder for the reader. Let L 



-q 0, 



Suppose M G Ms(k) such that M x ~ sf L. We 



perform necessary congruence operations to put M\ in canonical form. Then M is sf-congruent 
to a matrix of the form 



N 



/ la 

-q | .n...).- t /■•. 
\ 7/ 



We claim that if a/3(l — q) 1 = q, then the canonical form of N is the form corresponding 
to O g (k 2 ). Otherwise, it is the form corresponding to A\(k). Choose P £ G% such that 
Pi G Stab(L). Write, 




Then 

/ 1 r[6(l - q) + a] \ 

N' :=sf(P T NP) = -q r" 1 [a(l - g) + /3] 

^0 a6(l - g) + aa + /36 + 7y 

We choose a = —,9(1 — q)~ l and & = — a(l — q)^ 1 so that 



r[b(l -q)+a}= r - l [a{\ -q)+j3}=0 
and ab{\ — q) + aa + (3b + 7 = — a/3 + 7 =: 7'. 

If 7 = a/3, then iV is sf-congruent to the canonical form of O q (k 2 ). Otherwise, let 

Q = 




Then (-7T 1 • sf(Q T N'Q) is the canonical form for A\{k). 



□ 



The observant reader may have noticed a discrepancy in the above table and Theorem [T7T] 
There is an additional canonical form corresponding to the algebra 53, which is not included in 
Theorem [TTT] This is explained by the following result. 

Proposition 3.4. The algebras it and QJ are isomorphic. 
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Proof. Let X, Y be the generators for il with defining polynomial YX — XY + Y and let x, y 
be the generators for 03 with defining polynomial yx — xy + x + y 2 . Define a map <I> : 11 — > 03 
by &(X) = —y, &(Y) = x + y 2 . This map is well-defined since, 

- XY + Y) = (x + y 2 ){-y) - (~y)(x + y 2 ) + + y 2 ) = yx - xy + x + y 2 . 

We also define ^ : 2J 11 by = V - X 2 , *(y) = -X. This map is also well-defined, 

*(yx -xy + x + y 2 ) = (-X)(Y - X 2 ) — (Y — X 2 )(-X) + (Y - X 2 ) - (-X) 2 = 0. 

It is readily checked that ^($(X)) = X and ^(®(Y)) = Y so that ^ = □ 

This is the one case where two algebras are isomorphic even though their defining matrices are 
not sf-congruent. This makes sense as the map $ constructed above is not a linear isomorphism. 
The relationship between these two algebras is explored further in (6|. In particular, 11 is a PBW 
deformation of k[x, y] while 53 is a PBW deformation of J . Given any algebra A of form ([!]), 
one can construct the homogenization of A, 

H(A) = k(x, y,z\ zx- xz, zy - yz, /), 

where / is the homogenization of the polynomial / by z. Then H(il) ¥ H(%3). Moreover, 
isomorphism classes of algebras of this form are in 1-1 correspondence with the canonical forms 
above. 



4 Differential Operator Rings 

We give necessary and sufficient conditions for two differential operator rings over k[y] to be 
isomoiphic. This expands on the classification of skew polynomial rings over k[y] in [3]. Our 
proof is based in large part on a proof appearing in |5] regarding automoiphism groups of 



differential operator rings (see Proposition 4.3 ). Let Rf denote the differential operator ring 
k[y][x; 5} where 8(y) = f e k[y}. 

Lemma 4.1. Let f,g G k[y] with deg(/), deg(<?) > 0. Let X,Y be the standard generators 
for Rf and x,y those for R g . If 6 : Rf — ^ R g is an isomorphism, then 9{Y) G k[y] with 
deg0(V) = 1 and deg x 9(X) = 1. 

Proof. Following [5], the ideal generated by / contains all commutators [a, b] with a, b G Rf. 
Similarly for g in R g . Hence, if u, v G R g , then there exists r,s G Rf such that 6{r) = u and 
9{s) = v. Then uv — vu = 6{rs — sr) G 6{f'Rf) = 9(f)R g . But uv — vu G gR g , so there 
exists a unit e G R g such that 9(f) = eg. Because all units in R g lie in k, then e G k x . Suppose 
deg x 9(Y) 7^ 0. By considering the highest degree term in / we have deg x 9(f) ^ 0. Since 
9(f) = eg, then deg^ g ^ 0, a contradiction. 
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Because 9 is an isomorphism, there exists r 6 Rf such that 9(r) = x. Write r = ct{jY' l X J , 
then x = 9{r) = Yl a ijG{Y) t 9(X) : > and this is in standard form since 9(Y) £ k[y]. If 
deg x 9(X) > 1, then deg x 9{r) > 1, a contradiction. Thus, 9{r) = ^ ai#(Y)*x. Choose 
I G N maximal such that ag ^ 0. IE £ ^ 0, then deg y #(r) > 0, a contradiction. Hence, 
9(X) = Xx + h where /i G k[yj. 

Write 0(y) = £ a iy \ Since (9(/) = eg, then 



e(xy - yx) = 9(XY - YX) = (Ax + h) I £j a iy M - |£j a iy M (Ax + h) 

n n 

= a i x ( x y l - y %x ) = 9^2 ai Xi y l1 - 

i=0 i=l 

Since xy — yx = g, then aj = if i > 1. □ 

Proof of Theorem |1.2| Suppose 9 : Rf ^ R g is an isomorphism. By the previous lemma, 

9(Y) = ay + P and f(ay + (3) = eg. Thus, 

(Ax + h)(ay + (3) — (ay + f3)(Xx + h) = aX(xy — yx) = eg, 
so e = aX. Moreover, Rf = R g only if deg(/) = deg(g). □ 
Corollary 4.2. The algebras it, J and J\ are all non-isomorphic. 

Proof. The algebra il is not isomorphic to J and J\ since deg(xy — yx) = 1. If 9 : S — > Si is 
an isomorphism, then there exists a, f3, X such that aX(y 2 + l) = (ay + (3) 2 = a 2 y 2 + 2af3y + f3 2 . 
Comparing coefficients of y we get that a = or /3 = 0, a contradiction. □ 

The following result appears in (5J (page 25). 

Proposition 4.3. Automorphisms of Rf are triangular of the form x h-> Ax + h, y i— > ay + /3, 

/or some a, X £ k x , f3 £ k, and h £ k[y] such that 

f(ay + P) = aXf(y). (2) 

Let G be the abelian group (k[y], +). Suppose every automorphism of Rf has the form 
4>h where 4>h(x) = x + h and <fih{y) = 2A Then G = Aut(Rf) via /i i-> This is clear by 
observing o cf> h2 )(x) = 4>h x (x + ^2) = x + h\ + /12 = <t>h 1 +h 2 i x )- 1° terms of the previous 
proposition, this occurs when the only solution to Q is the trivial one with a = X = 1 and /3 = 0. 
This is the only possibility in which Aut(i?j) is abelian. 

Proposition 4.4. IfAut(Rf) is abelian, then Ant(Rf) = (k[y], +). 
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Proof. We claim the only solution to (|2j) is the trivial one. Let <p G Aut(ify) be arbitrary and 
write <p(x) = Xx + h and 4>(y) = ay + /3, with a,A£fc x ,/?6fc and h £ k[y]. Let -0 € Aut(Rf) 
be defined by 0>(x) = x + y and ^(y) = y. Then 

o Tp)(x) = 4>(x + y) = Xx + h + ay + /3, 
(ifi o = ip(Xx + h) = X(x + y) + h = Xx + Xy + h. 

Since Aut(Rf) is abelian, then /3 = 0. Now let be as before with /3 = and ?// G Aut(i?/) 
defined by ^'(x) = x + (y + 1) and f/>'(y) = y. Then 

(0 o if)'){x) = 4>{x + y + 1) = Xx + h + ay + 1, 

<y o 0)(x) = V'(Ax + /t) = A(x + y + 1) + /i = Ax + Ay + A + h. 

Since Aut(ify) is abelian, then a = X = 1. □ 

Corollary 4.5. 77ze groups Aut(il), Aut(jT), arcc? Aut(j7i) are non-abelian. 

Proof. In each case, we require a, /3 and A satisfying ([2]). For It, we have aXy = ay + (3. 
This gives f3 = and A = 1. Hence, automorphisms are of the form, x x + h, y ay, 
a £ k x ,h £ k[y]. For J, we require aAy 2 = (ay + (3) 2 = a 2 y 2 + 2a(3y + (3 2 . Hence, (3 = 
and A = a. Therefore, automorphisms are of the form, x \-t ax + h, y h-> ay, a <E k x ,h £ k[y]. 
For Ji we require aA(y 2 + 1) = {ay + /3) 2 + 1 = a 2 y 2 + 2a/3y + (/3 2 + 1). This gives that 
af3 = so P = and a 2 = aA = 1 so a = X = dbl. Hence, automorphisms are of the form 
x i y ax ~\~ /i, y i y ay, a = ±1, h G fc[y]. 

In each case, there exist non-trivial solutions to ([2]). Hence, each automorphism group is 
non-abelian. □ 



5 Proof of Theorem 1.1 



Proof. Let A and A' be of the form ([!]) with defining matrices M, M' £ A^/c), respectively. If 



M ~ s f M' , then A = A'. By Theorem [33] and Proposition 3.4 we need only show that there are 
no additional isomorphisms between the algebras in the present theorem. 

The algebras R x 2, R x 2_i and S are prime while R yx is not. The global dimension of R x i-\ 
and S are both 1 whereas R x 2 has infinite global dimension. Finally, GK.dim5 = 2 whereas 
GK.dimit^^x = oo (see, in particular, HJ). All four algebras are non-domains and therefore 
non-isomorphic to the remaining algebras. 

The algebra with defining polynomial x 2 — y is isomorphic to k[x] via the map x h- > x and 
y i— > x 2 . It is one of only two commutative algebras considered (the other being 0\ (k 2 ) = k[x, y]) 
and is therefore distinct. By Corollary |4.2| the algebras U, J and J\ are all non-isomorphic. 

If q ± ±1, then Aut(Af (&)) ^ (fc x ) and Aut(O g (A; 2 )) ^ (A;*) 2 . Let w be the invo- 
lution switching the generators x and y. If q = —1, then Aut(A^(fe)) = k x x {w} and 
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Aut(Og(k 2 )) = (k x ) 2 xi {lo} (see (IJ and |2j). By counting subgroups of order 4, it follows that 
A\{k) £ O q {k 2 ) for all p, q 6 k x . In particular, k x has 1 subgroup of order 4 and (k x ) 2 has 4. 
On the other hand, in k x xi {ui} there are 2 and in (k x ) 2 xi {w} there are 8. 

Let S = O q (k 2 ) or A\(k), q^l, and let R = il,J, or Ji. If q = -1 then x 2 is central so 
5 is not primitive by (9J, Proposition 3.2. On the other hand, R is primitive. If q ^ ±1, then 



Aut(5) is abelian, whereas Aut(i?) is non-abelian by Corollary 4.5 

That O p {k 2 ) = O q {k 2 ) if and only if p = q ±l is well-known. The corresponding result 
for the quantum Weyl algebras was proved by Suarez- Alvarez and Vivas in fTT| . In both cases, 
details will be included in the present author's forthcoming dissertation. □ 

Our results can be summed up succinctly in the following theorem. 

Theorem 5.1. Let A and A' be of the form (|7]) with defining matrices M, M' £ Ad^(k), respec- 
tively. IfM ~ s/ M', then A = A'. Conversely, if A = A', then M ~ sf M' unless A and A' 
represent the forms of ii and QJ. 
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